Abstract. In this paper, an improved superconvergence analysis is presented for both the CrouzeixRaviart element and the Morley element. The main idea of the analysis is to employ a discrete Helmholtz decomposition of the difference between the canonical interpolation and the finite element solution for the first order mixed Raviart-Thomas element and the mixed Hellan-Herrmann-Johnson element, respectively. This in particular allows for proving a full one order superconvergence result for these two mixed finite elements. Finally, a full one order superconvergence result of both the Crouzeix-Raviart element and the Morley element follows from their special relations with the first order mixed Raviart-Thomas element and the mixed Hellan-Herrmann-Johnson element respectively.
Introduction
The superconvergence of both lower order conforming finite elements and mixed finite elements is well analyzed for second order elliptic problems, see for instance, [3, 4, 7, 8, 11] and the references therein. However, for nonconforming elements, the reduced continuity of both trial and test functions makes the corresponding superconvergence analysis very difficult. So far, most of superconvergence analysis results for nonconforming elements are focused on rectangular or nearly parallelogram triangulations, see [15, 19, 23] . There are a few superconvergence results for nonconforming elements on triangular meshes [14, 18, 21] . In [14] , a half order superconvergence was analyzed for the Crouzeix-Raviart (CR for short hereinafter) element and the Morley element. The main idea therein is to employ a special relation between the CR element and the Raviart-Thomas (RT for short hereinafter) element, and the equivalence between the Morley element and the Hellan-Herrmann-Johnson (HHJ for short hereinafter) element to explore some conformity of discrete stresses by these two nonconforming elements. However, a full one order superconvergence was observed in the numerical tests [14] . Such a gap is caused by a half order superconvergence result for both the RT element [3] and the HHJ element [14] , which is a half order lower than the optimal superconvergence indicated by numerical tests. It is stressed that the superconvergence analysis of the first order RT element in [3] was heavily dependent on a result of Sobolev spaces and directly used it to estimate one key sum of boundary terms. Since a counter example [20] shows that this result of Sobolev spaces can not be improved, it is indeed difficult to refine the former superconvergence result within the analysis of [3] . In [18] , the superconvergence analysis of [2] for the conforming linear element was extended to the mixed finite element, which proved a full one order superconvergence result for the first order RT element method of the Poisson problem under the condition that the solution of the problem is in H 4+ǫ (Ω, R) for any ǫ > 0.
In this paper, a new analysis for the aforementioned boundary terms is presented, which leads to a full one order superconvergence result for both the RT element and the HHJ element and improves the corresponding half order superconvergence result in [3] and [14] , respectively. The main ingredient of such a superconvergence analysis is to employ a discrete Helmholtz decomposition of the difference between the canonical interpolation and the finite element solution of the corresponding mixed element. In particular, it allows for some vital cancellation between the boundary terms sharing a common vertex in one key sum. Then, the final improved superconvergence result follows from the analysis in [14] for both the CR element of the Poisson problem and for the Morley element of the plate bending model problem.
The remaining paper is organized as follows. Some notations are presented in Section 2. In Section 3, a full one order superconvergence result for both the RT element and the CR element is proved. In Section 4, a full one order superconvergence result for both the HHJ element and the Morley element is shown. Some numerical tests are presented to verify the theoretical results in Section 5.
Notations
Given a nonnegative integer k and a bounded domain Ω ⊂ R 2 with Lipschitz boundary ∂Ω,
and | · | k,Ω denote the usual Sobolev spaces, norm, and semi-norm, respectively. And
Suppose that Ω ⊂ R 2 is a bounded polygonal domain covered exactly by a shape-regular partition T h into triangles. Let |K| denote the area of element K and |e| the length of edge e. Let h K denote the diameter of element K ∈ T h and h := max K∈T h h K . Denote the set of all interior edges and boundary edges of T h by E for any piecewise function v. For K ⊂ R 2 , r ∈ Z + , let P r (K, R) be the space of all polynomials of degree not greater than r on K. Denote the piecewise gradient operator and the piecewise hessian operator by ∇ h and ∇ Throughout this paper, the superconvergence results require triangulations to be uniform, which means that any two adjacent triangles of T h form a parallelogram.
For any triangle K ∈ T h , from the three outer unit normal vectors, denote the two which are closest to orthogonal by f 1 and f 2 . This procedure is in general not unique, however, only the directions of vectors are focused, thus there will be no restriction.
For each i = 1, 2, denote a parallelogram, which consists of two triangles sharing a edge with normal f i , by N f i . We partition the domain Ω into those parallelograms N f i and some resulted boundary triangles K f i . In an element K, denote the edge with unit normal vector f i by e f i , the Throughout the paper, a positive constant independent of the mesh size is denoted by C, which refers to different values at different places. For ease of presentation, we shall use the symbol A B to denote that A ≤ CB.
Superconvergence for the RT element and the CR element
In this section, we first improve the superconvergence result for the RT element from a half order by Brandts [3] to a full one order. Then, based on this result, we derive a full one order superconvergence result for the CR element, which improves the half order result in [14] .
By introducing an auxiliary variable σ := ∇u, the problem can be formulated as the following equivalent mixed problem which finds (σ,
The corresponding finite element approximation to (3.1) seeks u CR ∈ CR 0 (T h ), such that
with the CR element spaces [9] over T h
h . To analyze the superconvergence of the CR element, we introduce the first order RT element [25] . Its shape function space is
The corresponding global finite element space reads
We use the piecewise constant space to approximate the displacement, namely,
The corresponding RT element method to (3.2) seeks (
According to [5] , the discrete system (3.4) has an unique solution (σ RT , u RT ) ∈ RT(T h ) × U RT (T h ). Meanwhile, the following optimal error estimates hold with detailed proofs referring to [10] 
3.2. Superconvergence of the RT element. We first introduce the Fortin interpolation operator Π RT , which is widely used in error analysis, such as [10, 12] . Define Π RT :
It is proved in [25] 
Therefore, σ RT − Π RT σ ∈ RT(T h ) is divergence free, and is a piecewise constant vector field. Hence, a substitution of τ h = σ RT − Π RT σ into (3.2) and (3.4) yields
We need the following result from [3] on Sobolev spaces. Denote the subset of the points in Ω having distance less than h from the boundary by ∂ h Ω:
We recall the following discrete Helmholtz decomposition and refer to [4] for more details.
Lemma 3.2. For any function
Assume that the triangulation T h is uniform. Suppose that the solution of (3.2) satisfies σ ∈ H 5 2 (Ω, R 2 ). Define a matrix F, whose transportation has the two unit normal vectors f 1 and f 2 as columns. Denote the canonical basis vectors of R 2 in respectively the x 1 -and x 2 -direction by e 1 and e 2 . By (3.6),
where
For simplicity, only the sum I 11 is considered here. Let Ω be partitioned into parallelograms N f 1 and the remaining boundary triangles K f 1 . Since σ RT − Π RT σ is piecewise constant, the sum I 11 can be written as a sum over parallelograms N f 1 and boundary triangles K f 1 :
Note that e
T f 1 is the normal component of σ RT − Π RT σ to the shared edge of the two triangles forming a parallelogram N f 1 . Thus, e T 1 F(σ RT − Π RT σ) is constant on N f 1 , and therefore, leads to the following superconvergence property [3] :
For the sum I 2 11 of boundary terms, the analysis in [3] showed |I
The estimate (3.10) is resulted from a direct application of Lemma 3.1. Since the estimate in Lemma 3.1 can not be improved as shown by a counter example in [20] , it is very difficult to improve the factor in (3.10) from h 3/2 to h 2 following that analysis. A new analysis for a full one order superconvergence result of the RT element is provided in the following. The main idea here is to employ a discrete Helmholtz decomposition of σ RT − Π RT σ. As a result, it allows for some vital cancellation between the boundary terms in I 2 11 sharing a common vertex. To this end, we need the following result for the interpolation operator Π RT .
Lemma 3.3. For any
Proof. Denote the centroid, the vertices and the edges of element
and {e 
The fact that
dx, this and (3.11) lead to
which completes the proof.
Employing the discrete Helmholtz decomposition, we can improve the estimate of the term I 11 of [3] in the following lemma.
Lemma 3.4.
Suppose that (σ, u) denotes the solution to (3.2) with σ ∈ H 5 2 (Ω, R 2 ), (σ RT , u RT ) denotes the solution to (3.4) on a uniform triangulation T h . It holds that
Proof. By Lemma 3.2, there exists w h ∈ P 1 such that
Then, the term I 2 11 in (3.8) reads
a substitution of (3.13) into (3.12) leads to
(3.14)
Lemma 3.3 and the Bramble-Hilbert lemma show
A substitution of (3.15) and the Cauchy-Schwarz inequality into (3.14) yields 
Lemma 3.1 implies that
,Ω . According to [7] ,
A substitution of (3.9) and (3.16) into (3.7) concludes
Similar arguments for the sums I 12 , I 21 and I 22 prove a full one order superconvergence property for the RT element as follows. 
Superconvergence of the CR element.
A full one order superconvergence result for the CR element follows from a special relation between the RT element and the CR element. A post-processing mechanism is employed in [14] for the superconvergence analysis of the CR element. Given q ∈ RT(T h ), define function K h q ∈ CR(T h ) × CR(T h ) as follows. (m e ) .
2.For each boundary edge e ∈ E
b h , let K be the element having e as an edge, and K ′ be an element sharing an edge e ′ ∈ E i h with K. Let e ′′ denote the edge of K ′ that does not intersect with e, and m, m ′ and m ′′ denote the midpoints of the edges e, e ′ and e ′′ , respectively. Then the value of K h q at the point m is
e"
∂Ω
Due to the superconvergence result of the RT element in Theorem 3.1 and the special relation between the RT element and the CR element [22] , the superconvergence result of the CR element for (3.1) can be improved from a half order to a full one order following the analysis in [14] .
is the solution to (3.1), u CR is the solution to (3.3) by the CR element on a uniform triangulation T h , and f ∈ W 1,∞ (Ω, R). It holds that
Remark 3.1. As analyzed in [3] , the vector K h Π RT σ is a higher order approximation of σ than Π RT σ itself. Thanks to the one order superconvergence result of the RT element in Theorem 3.2 and the equivalence between the RT element and the ECR element [13] , a similar argument may prove a full one order superconvergence result for the ECR element method of the Poisson problem (3.1).
Superconvergence for the HHJ element and the Morley element
Given f ∈ L 2 (Ω, R), the plate bending model problem finds
(Ω, R).
with the unit outnormal n of ∂K. Define the following two spaces
and τ nn is continuous across interior edges},
For any τ ∈ S and v ∈ D, define the bilinear form
By introducing an auxiliary variable σ P := ∇ 2 u P , the mixed formulation of (4.1) seeks (σ P , u P ) ∈ S × D, see [16] , (σ P , τ) + divdiv h τ, u P = 0 for any τ ∈ S,
The Morley element method of (4.1) finds
, where the Morley element space is defined in [24] by Introduce the first order HHJ element [16] : Since v| K ∈ P 1 (K, R) for any v ∈ U HHJ (T h ) and K ∈ T h , it holds that
Define the rigid motion space
The subsequent parts analyze the superconvergence of the HHJ element. The argument is similar as in Section 3.2. As proved in [14, Lemma 5.1] , it holds (σ HHJ − σ P , σ HHJ − Π HHJ σ P ) = 0.
Then, this leads to
are the normal vectors as shown in Figure 1 . Then, the following decomposition holds:
For simplicity, only the sum J 1 is considered here. Since (σ HHJ − Π HHJ σ P ) f 1 f 1 is continuous and constant on N f1 , and Ψ 1 is constant on N f1 , the sum J 1 can be rewritten as a sum over parallelogram N f 1 and boundary triangles K f 1 :
1 |, where
Theorem 5.3 of [14] has shown that
The estimate of J 
We consider the post-processing mechanism for the superconvergence of the Morley element as in Section 3.3. For any given q ∈ HHJ(T h ), K h q ∈ (CR(T h )) 2×2 . Based on the the special relation (4.19), the improved superconvergence result of the HHJ element in Theorem 4.1 gives rise to a full one order superconvergence result of the Morley element following the procedure in [14] . This superconvergence result improves the half order result for the Morley element in [14] . 
numerical examples
In this section, we present two numerical tests to confirm the theoretical superconvergence analysis in the previous sections. Table 1 shows that the post-processing error ∇u − K h ∇ h u CR 0,Ω by the CR element is much smaller than the error ∇u − ∇ h u CR 0,Ω . The superconvergence of a full one order for the CR element in Theorem 3.2 is also verified by the numerical results. 2 ) ( We compare the error ∇ 2 u P − ∇ Table 2 reveal that the orders are similar to those obtained in the Poisson problem by the CR element in the previous subsection, cf. Table 1 . This gives an indication of superconvergence on uniform parallelogram meshes as well, and coincides with the theoretical results in Theorem 4.2. 
